Gallai-colorings of non-complete graphs
Edge colorings of complete graphs in which no triangle is colored with three distinct colors were called Gallai-partitions in [10] , Gallai-colorings in [5] , [6] . More than just the term, the concept occurs again and again in relation to deep structural properties of fundamental objects. A main result in Gallai's original paper [4] -translated to English and endowed by comments in [11] -can be reformulated in terms of Gallaicolorings. Further occurrences are related to generalizations of the perfect graph theorem [2] , or applications in information theory [9] .
In this paper we start investigating whether Gallai-colorings can be fruitfully extended from complete graphs to arbitrary graphs, i.e. we say that an edge coloring of a graph G is a Gallai-coloring -or G-coloring -if no triangle of G is colored with three distinct colors. In particular, every edge coloring of a triangle-free graph is a G-coloring. A less obvious example can be obtained by considering a labeling of the vertices of a graph of order n by 1, 2, . . . , n and for all 1 ≤ i < j ≤ n color the edge ij by color i.
A basic remark of Erdős and Rado states that in any coloring of the edges of a complete graph with two colors there is a monochromatic spanning tree. This remains true for G-colorings of complete graphs as proved in [1] , see also [6] . Our starting point is another generalization of the above remark, we state it as Theorem 1. Let α(H) be the independence number of H, that is, the maximum size of an independent set, set of vertices not containing both endpoints of any edge. 
|V (H)| vertices.
We derive Theorem 1 from König's theorem and note that Theorem 1 can be extended for r-colorings as well, with (r − 1)α(H) in the role of α(H) -this more general form can be obtained from Füredi's result [3] on fractional transversals (see [7] ). Notice that Theorem 1 is sharp if α(H) is a divisor of |V (H)| -simply consider α(H) disjoint monochromatic complete graphs of equal order. Our main result is an analogue of Theorem 1 for G-colorings. 
where c is a constant, coming from Kim's [8] estimate of R(3, α + 1). For α = 2 we have the example above from coloring the edges of a C 5 with five distinct colors, substituting arbitrarily G-colored complete graphs of equal sizes to the vertices. However, this coloring is not the best for α = 2. We may take another Ramsey graph, H 8 , the complement of the Wagner graph, its missing edges form an eight cycle 1, 2, . . . 8 plus its main diagonals. (The graph H 8 is a smallest graph with α = 2, ω = 3, see for example [13] .) The edges of H 8 can be G-colored without monochromatic connected subgraph on four vertices, by using color i on the edges 
Proofs
Proof of Theorem 1.
Consider a coloring of the edges of H with two colors. Consider the hypergraph on vertex set V (H) whose edges are the vertex sets of the connected components (in both colors). The dual of this hypergraph is a bipartite graph B. Observe that the maximum number of independent edges in B is equal to α(H). By König's theorem, the edges of B has a transversal of α(B) vertices. The vertices of this transversal correspond to at most α(H) connected monochromatic components in the coloring of H that together cover all vertices of H. Thus one of these components has at least
Suppose f (α) is the largest value such that every G-colored graph H has a monochromatic connected subgraph with at least f (α(H))|V (H)| vertices. We estimate f (α) by induction. Clearly f (1) = 1 because G-colored complete graphs have monochromatic spanning trees see [1] , [5] , [7] . Suppose α(H) ≥ 2 and consider a G-coloring on H. Let v be an arbitrary vertex, X is the set of vertices nonadjacent to v, A i is the set of vertices adjacent to v in color i. By induction, the graph H[X] has a monochromatic component C 1 with
(1)
and define the graph G on the same vertex set as G as follows. For every i, A i is replaced by a complete graph with each edge colored with color i (all other edges retain their colors). It is enough to find a large monochromatic component in G because of the following claim.
Proof. Let C be the subgraph of C obtained by removing edges of C in color i that were added when A i was replaced by a complete graph with each edge colored with color i. Observe that C is connected in color i because for each removed edge xy, the edges xv, vy have color i in G. 2 Notice that every edge of G between A i and A j must be colored with either color i or color j because we had a G-coloring on H. Based on this, we can orient the edges of G so that the edge sets going out from any vertex are monochromatic. To achieve that, simply orient edges of color i between A i and A j from A i to A j ; similarly, orient edges of color j between A i and A j from A j to A i . The edges within the A i 's (they are colored with color i) can be oriented arbitrarily.
Applying the complementary form of a well-known consequence of Turán's theorem (see for example in [12] 
Thus -by looking at the average outdegree of G -there exists a vertex w ∈ V (G ) with outdegree at least
Since all edges going out of w have the same color, we have a monochromatic component C 2 such that
Combining this estimate with (1), we get a monochromatic component of H with at least
vertices. Suppose |X| = ν|V (H)|, then |V (H)| − |X| = (1 − ν)|V (H)| and the two terms in (2) are equal when
and their common value gives the recursion
and that is equivalent to 1
and that easily yields 1
Proof of Corollary 2. For α = 1 we have to show that every G-coloring of a complete graph K n has a monochromatic double star with at least 3n 4
vertices -this was proved in [6] . Apart from this change of the initial value, the proof gives a large Furthermore -by counting again -there exists e ∈ E(H) such that e is in at least c 2 n m−r copies of F and the color of e -say red -is repeated in all of these copies. Indeed, assigning two edges of H with the same color to each copy of F , at least 2c 1 n m edges are assigned, thus some edge e is assigned to at least 2c 1 n m n r ≥ c 2 n m−r copies of F . We select a second red edge in all of these copies and partition these copies into two parts, F 1 , F 2 , the first part contains those copies where the other red edge intersects e, the second part contains those copies where the other red edge does not intersect e. Set c 3 = 
